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Introduction
In this work, we consider ﬁnite dimensional Lie superalgebras over a commutative ﬁeld K of cha-
racteristic zero. A quadratic Lie superalgebra is a Lie superalgebra g = g0¯ ⊕ g1¯ with a non-degenerate,
supersymmetric, even and g-invariant bilinear form B , B is called an invariant scalar product on g.
We say that (g = g0¯ ⊕ g1¯,ω) is a symplectic Lie superalgebra if g is a Lie superalgebra and ω is a
non-degenerate, skew-supersymmetric, even and: ∀X ∈ gx , Y ∈ gy , Z ∈ gz ,
(−1)xzω(X, [Y , Z ])+ (−1)yxω(Y , [Z , X])+ (−1)zyω(Z , [X, Y ])= 0,
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symplectic structure on g. We will say that (g, B,ω) is a quadratic symplectic Lie superalgebra if (g, B)
is a quadratic Lie superalgebra and (g,ω) is a symplectic Lie superalgebra. In [1,3,5,6,12,18] some
inductive descriptions of quadratic Lie superalgebras are given. Others descriptions are introduced in
[8,16]. These descriptions are based on some techniques of double extensions of Lie superalgebras.
Recently, in [4], I. Bajo et al. gave, in particular, inductive descriptions of quadratic symplectic Lie
algebras by using some concepts of double extensions of Lie algebras.
In this paper we study the structure of quadratic symplectic Lie superalgebras and make induc-
tively its description. We continue the work on quadratic symplectic Lie algebras done in [4]. In
particular, in this work, we generalize to Lie superalgebras the concepts of double extension used in
[4] in order to describe the quadratic symplectic Lie algebras. Since this generalization is not suﬃ-
cient to give a complete inductive description of quadratic symplectic Lie superalgebras, we introduce
a new concepts of double extensions of this type of Lie superalgebras. We start this paper by re-
calling the connection between triangular Lie bi-superalgebras and classical Yang–Baxter equation
(CYBE). We recall the classical double construction for Lie bi-superalgebras presented by M. Gould,
R. Zhang and A. Bracken in [13], analogous to the fundamental classical double construction due to
V. Drinfeld in the case of Lie bi-algebras [11]. In Section 2 we generalize some known results con-
cerning Lie bi-algebras [19] to the Lie bi-superalgebras. In particular, we will show that there exists
a correspondence between Lie bi-superalgebras and Manin superalgebras. In Section 3 we study the
class of quadratic Lie superalgebras with triangular structures. In special, we show that there exists
a correspondence between the triangular structures on Lie superalgebras and its Lie symplectic sub-
superalgebras. In Section 4 we study the structure of quadratic symplectic Lie superalgebras. Namely,
we prove that these Lie superalgebras are solvable. Next, we introduce the concepts of a quadratic
symplectic double extension and a generalized quadratic symplectic double extension of quadratic
symplectic Lie superalgebras. These concepts are used, in the end of this section, to give inductive
descriptions of quadratic symplectic Lie superalgebras. In Section 5 we show that every quadratic
symplectic Lie superalgebra over an algebraically closed commutative ﬁeld K of characteristic zero
is a special symplectic Manin superalgebra. We present some concepts of double extension of special
symplectic Manin superalgebras in order to obtain others inductive descriptions of quadratic symplec-
tic Lie superalgebras.
1. Basic deﬁnitions
We shall give in this section some deﬁnitions needed later on.
Deﬁnition 1.1. A superalgebra g = g0¯ ⊕ g1¯ (meaning a Z2-graded algebra) is called Lie superalgebra if
the multiplication3 [, ] : g × g → g is an even bilinear map (i.e. [gα,gβ ] ⊆ gα+β,∀α,β ∈ {0¯, 1¯}) that
satisﬁes for homogeneous elements the graded skew-symmetry property: ∀X ∈ gx , Y ∈ gy , [X, Y ] =
−(−1)xy[Y , X], and the graded Jacobi identity: ∀X ∈ gx, Y ∈ gy, Z ∈ gz ,
(−1)xz[X, [Y , Z ]]+ (−1)yx[Y , [Z , X]]+ (−1)zy[Z , [X, Y ]]= 0.
We shall write X ∈ gx to mean that X is a homogeneous element of the Lie superalgebra g of degree x,
with x ∈ Z2.
We shall collect some characteristics of bilinear forms in a Lie superalgebra in the following deﬁnition.
Deﬁnition 1.2. Let g be a Lie superalgebra. A bilinear form B on g is
(i) supersymmetric if B(X, Y ) = (−1)xy B(Y , X), ∀X ∈ gx , Y ∈ gy ;
3 For the sake of clarity, when it is necessary we write [, ]g instead of [, ] to denote the multiplication on Lie superalgebra g.
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(iii) non-degenerate if X ∈ g satisﬁes B(X, Y ) = 0, ∀Y ∈ g, then X = 0;
(iv) invariant if B([X, Y ], Z) = B(X, [Y , Z ]), ∀X, Y , Z ∈ g;
(v) even if B(g0¯,g1¯) = B(g1¯,g0¯) = {0};
(vi) scalar 2-cocycle on g if, ∀X ∈ gx , Y ∈ gy , Z ∈ gz ,
(−1)xz B(X, [Y , Z ])+ (−1)yxB(Y , [Z , X])+ (−1)zy B(Z , [X, Y ])= 0.
The set of all scalar 2-cocycles on g is denoted by Z2(g,K).
Deﬁnition 1.3. A Lie superalgebra g is
(i) quadratic if there exists a bilinear form B on g such that B is even, supersymmetric, non-
degenerate, and invariant. It is denoted by (g, B) and B is called an invariant scalar product on g.
(ii) symplectic if there exists a bilinear form ω on g such that it is an even, skew-supersymmetric,
non-degenerate, and scalar 2-cocycle on g. In this case, it is denoted by (g,ω) and ω is said a
symplectic structure on g.
(iii) quadratic symplectic if g is equipped with an invariant scalar product B and a symplectic structure
ω. We denote it by (g, B,ω).
We shall recall the notion of Lie bi-superalgebra. To deal better with this tool, we will present the
concept of Lie superalgebra using the twist map as follows.
Deﬁnition 1.4. Let g = g0¯ ⊕ g1¯ be a Z2-graded vector space. Consider the linear map T : g⊗ g → g⊗ g
deﬁned by T (X ⊗ Y ) = (−1)xyY ⊗ X , ∀X ∈ gx , Y ∈ gy , which is called twist map.
Deﬁnition 1.5. A superalgebra g = g0¯⊕g1¯ is called a Lie superalgebra if the multiplication [, ] : g ⊗ g→g
veriﬁes the graded skew-symmetry property [, ] ◦ T = −[, ], and the graded Jacobi identity
[, ] ◦ ([, ] ⊗ I)− [, ] ◦ (I ⊗ [, ])= [, ] ◦ ([, ] ⊗ I) ◦ (I ⊗ T ),
where I : g → g is the identity map.
Deﬁnition 1.6. A Z2-graded vector space g = g0¯ ⊕ g1¯ is called Lie co-superalgebra if it is equipped
with a linear map c : g → g ⊗ g (called co-multiplication) which veriﬁes the graded skew-symmetry
property T ◦ c = −c, the graded co-Jacobi identity (c⊗ I) ◦ c − (I ⊗ c) ◦ c = (I ⊗ T ) ◦ (c ⊗ I) ◦ c, and the
parity preserving c(gα) ⊆ (g ⊗ g)α , ∀α ∈ Z2.
Deﬁnition 1.7. A Z2-graded vector space g is called a Lie bi-superalgebra if g is a Lie superalgebra
equipped with the multiplication [, ]g : g⊗g → g and a Lie co-superalgebra with the co-multiplication
c : g → g ⊗ g such that c is a 1-cocycle relative to the adjoint representation of g in g ⊗ g. In other
words, the multiplication and the co-multiplication are compatible with one another in the following
sense, c([X, Y ]g) = X · c(Y ) − (−1)xyY · c(X), ∀X ∈ gx, Y ∈ gy .
Remark 1.8. A Lie co-superalgebra g with co-multiplication c : g → g ⊗ g is equivalent to the Lie
superalgebra g∗ (as usual, g∗ denotes the dual vector space of g) with multiplication c∗ : g∗ ⊗g∗ → g∗
deﬁned by c∗( f ⊗ h)(X) = ( f ⊗ h)(c(X)), ∀X ∈ g, f ,h ∈ g∗ .
Deﬁnition 1.9. Let g be a Lie superalgebra and U, V be two Lie sub-superalgebras of g. The triple
(g,U,V) is called a Manin triple if it satisﬁes the following two conditions
(i) g = U ⊕ V, which means that g is the direct sum of the vector subspaces U and V;
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(which means that B(U,U) = B(V,V) = {0}).
In this case, (g = U ⊕ V, B) is called a Manin superalgebra and g = U ⊕ V a Manin decomposition of g.
2. Lie bi-superalgebras and Manin superalgebras
This section is dedicated to triangular Lie bi-superalgebras. In particular we describe the dual
and the double of this class of Lie bi-superalgebras. We give the detailed proofs in the case of Lie
superalgebras of some well-known results in the Lie algebra case [10,11,19].
Let g be a Lie superalgebra and r ∈ g ⊗ g deﬁned by
r =
n∑
i=1
Xi ⊗ Yi, with Xi ∈ gxi , Yi ∈ gyi , ∀i ∈ {1, . . . ,n}. (2.1)
Consider g embedded in its universal enveloping superalgebra U(g) (see [20]). We have4 r12 =∑n
i=1 Xi ⊗ Yi ⊗ 1, r13 =
∑n
i=1 Xi ⊗ 1⊗ Yi , and r23 =
∑n
i=1 1⊗ Xi ⊗ Yi . In [13], M. Gould et al., proved
that a Lie superalgebra g with an element r ∈ g⊗g satisfying certain conditions can be endowed with
a structure of a Lie bi-superalgebra where the co-multiplication is deﬁned in terms of r.
Proposition 2.1. (See [13].) Consider g a Lie superalgebra together with an even element r ∈ g ⊗ g which
satisﬁes the following two conditions:
(i) r + T (r) is a g-invariant element of g ⊗ g, which means that [r + T (r), X ⊗ 1 + 1 ⊗ X] = 0, ∀X ∈ g,
where T is the twist map (see Deﬁnition 1.4);
(ii) [r12, r13] + [r12, r23] + [r13, r23] is a g-invariant element of g ⊗ g ⊗ g, which means that, for all X ∈ g,[[r12, r13] + [r12, r23] + [r13, r23], X ⊗ 1⊗ 1+ 1⊗ X ⊗ 1+ 1⊗ 1⊗ X]= 0.
Deﬁne c : g → g ⊗ g by c(X) = [X ⊗ 1 + 1 ⊗ X, r], ∀X ∈ g. Then g is a Lie bi-superalgebra with the co-
multiplication c. In this case, g is called a coboundary Lie bi-superalgebra.
In the terminology of cohomology theory, c is the 1-coboundary of r, relative to the adjoint repre-
sentation of g in g ⊗ g and, as usual, we will denote c by ∂r.
Deﬁnition 2.2. Let g be a Lie superalgebra. An element r ∈ g ⊗ g satisﬁes the classical Yang–Baxter
equation (CYBE) if
[r, r] = [r12, r13] + [r12, r23] + [r13, r23] = 0.
A solution r to the CYBE is called a classical r-matrix.
Deﬁnition 2.3. A coboundary Lie bi-superalgebra g is called
(i) quasi-triangular if the co-multiplication c = ∂r arises from r ∈ g ⊗ g a classical r-matrix such that
r + T (r) is g-invariant element of g ⊗ g;
(ii) triangular if the co-multiplication c = ∂r arises from r ∈ g⊗g a skew-symmetric classical r-matrix.
Recall that r ∈ g ⊗ g is skew-symmetric if r + T (r) = 0.
4 We note that in these equations, 1 represents the identity element in U(g), and in CYBE, [, ] represents the commutator of
the associative superalgebra U(g)⊗3 .
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Consider r ∈ g ⊗ g determined by (2.1) and deﬁne a linear map R : g∗ → g by
R( f ) = ( f ⊗ 1)(r) =
n∑
i=1
f (Xi)Yi, ∀ f ∈ g∗. (2.2)
The next lemma, which gives equivalent conditions to R veriﬁes CYBE, will help us to prove the
following proposition. We will use the assertions interchangeably which ever is most suitable in the
context.
Lemma 2.4. Let g be a Lie superalgebra and R the linear map associated to an even element r ∈ g ⊗ g. Then
the following assertions are equivalent: for every f ∈ (g∗)α , h ∈ (g∗)β , and l ∈ (g∗)γ
(i) 〈 f , [R(h), R(l)]〉 + (−1)α〈h, [R(l), R( f )]〉 + (−1)γ 〈l, [R( f ), R(h)]〉 = 0;
(ii)
∑
cycl{1+ (−1)α + (−1)γ }〈 f , [R(h), R(l)]〉 = 0;
(iii)
∑
cycl(−1)αγ 〈 f , [R(h), R(l)]〉 = 0,
where 〈 f , X〉 = f (X), ∀ f ∈ g∗ , ∀X ∈ g.
Proof. In order to prove that the assertion (i) implies (ii), we have to substitute (i) in a cyclic way
and then add the three terms. The rest of the proof comes immediately by evaluating all possibilities
of the degrees of the homogeneous elements in g∗ . 
Proposition 2.5. Let g be a Lie superalgebra. Then r ∈ g ⊗ g is an even skew-symmetric classical r-matrix if
and only if R deﬁned by (2.2) is even, veriﬁes
〈
f , R(h)
〉= −(−1)αβ 〈h, R( f )〉, ∀ f ∈ (g∗)α, h ∈ (g∗)β , (2.3)
and
(−1)αγ 〈 f , [R(h), R(l)]〉+ (−1)αβ 〈h, [R(l), R( f )]〉+ (−1)βγ 〈l, [R( f ), R(h)]〉= 0, (2.4)
whenever f ∈ (g∗)α , h ∈ (g∗)β , and l ∈ (g∗)γ . If R veriﬁes (2.4) we say that R is a solution of the classical
Yang–Baxter equation (CYBE).
We usually write the cyclic equation (2.4) in the more succinct form
∑
cycl
(−1)αγ 〈 f , [R(h), R(l)]〉= 0, ∀ f ∈ (g∗)α, h ∈ (g∗)β , l ∈ (g∗)γ .
Proof. Assume that r is an even skew-symmetric classical r-matrix. Since r is even we can easily show
that so is R . For f ∈ (g∗)α and h ∈ (g∗)β , we have 〈h, R( f )〉 =∑ni=1 f (Xi)h(Yi). On the other hand,
from skew-symmetry of r, we can obtain an equivalent expression to the linear map R associated to r
R( f ) = −
n∑
i=1
(−1)xi yi f (Yi)Xi, ∀ f ∈ g∗, (2.5)
which will be useful in the sequel. From (2.5) we get 〈 f , R(h)〉 = −∑ni=1(−1)xi yi f (Xi)h(Yi). Since r
is even then xi = yi , ∀i ∈ {1, . . . ,n}. If α = β we have 〈h, R( f )〉 = 0 and 〈 f , R(h)〉 = 0. If α = β we
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〈h, R( f )〉 = 〈 f , R(h)〉. In conclusion 〈 f , R(h)〉 = −(−1)αβ 〈h, R( f )〉, ∀ f ∈ (g∗)α , h ∈ (g∗)β . Now let us
prove that R satisﬁes the CYBE. Since r is a classical r-matrix we can write that
〈
( f ⊗ h ⊗ l), [r12, r13] + [r12, r23] + [r13, r23]
〉= 0, (2.6)
when f ∈ (g∗)α , h ∈ (g∗)β , and l ∈ (g∗)γ . Since [, ] is the commutator of the associative superalgebra
U(g)⊗3 , r is even, and doing some straightforward calculations we obtain
[r12, r13] =
n∑
i, j=1
−[X j, Xi] ⊗ Yi ⊗ Y j, (2.7)
[r12, r23] =
n∑
i, j=1
Xi ⊗ [Yi, X j] ⊗ Y j, (2.8)
[r13, r23] =
n∑
i, j=1
−Xi ⊗ X j ⊗ [Y j, Yi]. (2.9)
Let us analyze the ﬁrst term of (2.6). Due to (2.7) we have
〈
( f ⊗ h ⊗ l), [r12, r13]
〉= f(− n∑
i, j=1
(−1)γ x j+β(x j+xi)h(Yi)l(Y j)[X j, Xi]
)
. (2.10)
On the other hand, from (2.5) and since r is even, we get
[
R(h), R(l)
]= − n∑
i, j=1
(−1)xi+x j+xi x j h(Yi)l(Y j)[X j, Xi]. (2.11)
We have to compare the exponents of the expressions (2.10) and (2.11). If β = yi or γ = y j or α =
x j + xi we infer that 〈( f ⊗h⊗ l), [r12, r13]〉 = 0 and 〈 f , [R(h), R(l)]〉 = 0. Whilst, if β = yi , γ = y j , and
α = x j + xi then γ x j +β(x j + xi) = xi + x j + xix j , and so 〈( f ⊗h⊗ l), [r12, r13]〉 = 〈 f , [R(h), R(l)]〉. In a
similar way, we show that 〈( f ⊗h⊗ l), [r12, r23]〉 = (−1)α〈h, [R(l), R( f )]〉, and 〈( f ⊗h⊗ l), [r13, r23]〉 =
(−1)γ 〈l, [R( f ), R(h)]〉. Consequently, (2.6) is equivalent to
〈
f ,
[
R(h), R(l)
]〉+ (−1)α 〈h, [R(l), R( f )]〉+ (−1)γ 〈l, [R( f ), R(h)]〉= 0.
Applying Lemma 2.4 it follows that R satisﬁes the CYBE. The converse is clear so the proof is com-
plete. 
We will recall the classical double construction for Lie bi-superalgebras presented by M. Gould
et al. in [13]. This is analogous to the construction due to V. Drinfeld in the case of Lie bi-algebras
in [11]. Let (g, [, ], c) be a Lie bi-superalgebra and g∗ the dual vector space of g. Deﬁne a linear form
〈, 〉 : g∗ ⊗g → K by 〈 f , X〉 = f (X), ∀X ∈ g, f ∈ g∗ . Since the Lie bi-superalgebra g is ﬁnite dimensional
we have that (g⊗ g)∗ = g∗ ⊗ g∗ , so we also denote by 〈, 〉 the linear form of (g⊗ g)∗ ⊗ (g⊗ g) deﬁned
by 〈 f ⊗ h, X ⊗ Y 〉 = (−1)xβ f (X)h(Y ) = (−1)xβ 〈 f , X〉〈h, Y 〉, ∀X ∈ gx , Y ∈ g, f ∈ g∗ , h ∈ (g∗)β , and the
rest comes by linearity. In [13], it is proved that g∗ is also a Lie bi-superalgebra if equipped with the
multiplication and the co-multiplication (respectively, denoted by [, ] and c) deﬁned by the relations
〈[ f ,h], X 〉= 〈 f ⊗ h, c(X)〉, ∀X ∈ g, f ,h ∈ g∗, (2.12)
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c( f ), X ⊗ Y 〉= 〈 f , [X, Y ]〉, ∀X, Y ∈ g, f ∈ g∗. (2.13)
The multiplication on g∗ is the dual map of the co-multiplication on g, while the co-multiplication
on g∗ is the dual map of the multiplication on g. In this case, g∗ is called the dual Lie bi-superalgebra
of g. Then [, ] (respectively, c) represents the multiplication (respectively, co-multiplication) on g and
g∗ separately. We endow naturally the vector space D(g) = g⊕g∗ with a structure of Lie superalgebra.
We will see that the condition of compatibility of the Lie bi-superalgebra g is equivalent to the graded
Jacobi identity on D(g) = g ⊕ g∗ .
Proposition 2.6. Let g be a Lie superalgebra equipped with a structure of Lie co-superalgebra (the co-
multiplication is denoted by c). Then (g, [, ]g, c) is a Lie bi-superalgebra if and only if there exists a structure of
Lie superalgebra in D(g) = g ⊕ g∗ such that g and g∗ are Lie sub-superalgebras of D(g) and the bilinear form
〈, 〉 : D(g) × D(g) → K deﬁned by: ∀(X + f ) ∈ (D(g))x, (Y + h) ∈ (D(g))y ,
〈X + f , Y + h〉 = f (Y ) + (−1)xyh(X), (2.14)
is invariant. Moreover, the multiplication on D(g) is unique and given by
[X + f , Y + h] = [X, Y ] + ad∗f (Y ) − (−1)xy ad∗h(X) + [ f ,h] + ad∗X (h) − (−1)xy ad∗Y ( f ), (2.15)
for every (X + f ) ∈ (D(g))x and (Y + h) ∈ (D(g))y , where ad∗ is the coadjoint representation of g. In this
conditions, (D(g), 〈, 〉) is a quadratic Lie superalgebra. Further, g and g∗ are Lie sub-superalgebras of D(g)
isotropic relative to 〈, 〉.
Proof. Suppose that (g, [, ]g, c) is a Lie bi-superalgebra. We already prove that the multiplication on
D(g) is given by (2.15). Using the invariance and non-degeneracy of 〈, 〉 it comes easily that the
multiplication on D(g) veriﬁes the graded skew-symmetry. Since the multiplication on g (and on g∗)
satisﬁes the graded Jacobi identity then to prove the graded Jacobi identity on D(g) we just have to
show the following two conditions:
(−1)αy[ f , [X, Y ]]+ (−1)xα[X, [Y , f ]]+ (−1)xy[Y , [ f , X]]= 0, (2.16)
for all X ∈ gx , Y ∈ gy , and f ∈ (g∗)α . And
(−1)xβ[X, [ f ,h]]+ (−1)xα[ f , [h, X]]+ (−1)αβ[h, [X, f ]]= 0, (2.17)
for all X ∈ gx , f ∈ (g∗)α , and h ∈ (g∗)β . Let us care about assertion (2.16). We state that (2.16) is
equivalent to
(−1)αy ad∗f
([X, Y ])+ (−1)xy[Y ,ad∗f (X)]− (−1)xy ad∗ad∗Y ( f )(X) − (−1)α(x+y)[X,ad∗f (Y )]
+ (−1)α(x+y) ad∗ad∗X ( f )(Y ) = 0.
From the explicit form of multiplication on D(g), invariance of 〈, 〉, and the deﬁnition of multiplication
on Lie superalgebra g∗ we see that
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(−1)αy ad∗f
([X, Y ])+ (−1)xy[Y ,ad∗f (X)]− (−1)xy ad∗ad∗Y ( f )(X) − (−1)α(x+y)[X,ad∗f (Y )]
+ (−1)α(x+y) ad∗ad∗X ( f )(Y ),h
〉
= 〈 f ⊗ h,−c([X, Y ])+ X · c(Y ) − (−1)xyY · c(X)〉, ∀h ∈ (g∗)β .
Since c is a 1-cocycle of g relative to the adjoint representation of g in g ⊗ g we conclude that,
∀h ∈ (g∗)β ,
〈
(−1)αy[ f , [X, Y ]]+ (−1)xα[X, [Y , f ]]+ (−1)xy[Y , [ f , X]],h〉= 0. (2.18)
As 〈, 〉 is invariant, we obtain ∀Z ∈ gz ,
〈
(−1)αy[ f , [X, Y ]]+ (−1)xα[X, [Y , f ]]+ (−1)xy[Y , [ f , X]], Z 〉
= −(−1)αy+xz〈 f , (−1)xz[X, [Y , Z ]]+ (−1)xy[Y , [Z , X]]+ (−1)yz[Z , [X, Y ]]〉.
Since the multiplication on g satisﬁes the graded Jacobi identity we infer that, ∀Z ∈ gz ,
〈
(−1)αy[ f , [X, Y ]]+ (−1)xα[X, [Y , f ]]+ (−1)xy[Y , [ f , X]], Z 〉= 0. (2.19)
From non-degeneracy of 〈, 〉, due to (2.18) and (2.19) we conclude (2.16). Now we prove assertion
(2.17). First we relate (2.16) with (2.17). By invariance of 〈, 〉, we obtain ∀Y ∈ gy ,
〈
(−1)xβ[X, [ f ,h]]+ (−1)xα[ f , [h, X]]+ (−1)αβ[h, [X, f ]], Y 〉
= −(−1)xα+β y 〈 f , (−1)β y[h, [X, Y ]]+ (−1)xβ[X, [Y ,h]]+ (−1)xy[Y , [h, X]]〉.
By (2.16) we get that ∀Y ∈ gy ,
〈
(−1)xβ[X, [ f ,h]]+ (−1)xα[ f , [h, X]]+ (−1)αβ[h, [X, f ]], Y 〉= 0. (2.20)
From invariance of 〈, 〉, we obtain ∀l ∈ (g∗)γ ,
〈
(−1)xβ[X, [ f ,h]]+ (−1)xα[ f , [h, X]]+ (−1)αβ[h, [X, f ]], l〉
= −(−1)xβ+αγ 〈X, (−1)βγ [l, [ f ,h]]+ (−1)αβ[h, [l, f ]]+ (−1)αγ [ f , [h, l]]〉.
Since the multiplication on g∗ satisﬁes the graded Jacobi identity we state that, ∀l ∈ (g∗)γ ,
〈
(−1)xβ[X, [ f ,h]]+ (−1)xα[ f , [h, X]]+ (−1)αβ[h, [X, f ]], l〉= 0. (2.21)
From (2.20), (2.21), and since 〈, 〉 is non-degenerate we infer (2.17) as desired. 
We have just proved that every Lie bi-superalgebra g corresponds to the Manin superalgebra
(D(g) = g ⊕ g∗, 〈, 〉), where the multiplication on D(g) is deﬁned by (2.15) and the invariant scalar
product is determined by (2.14). Now, we shall see that every Manin superalgebra also corresponds to
a Lie bi-superalgebra.
Corollary 2.7. There is a correspondence between Lie bi-superalgebras and Manin superalgebras.
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peralgebra. Conversely, consider (h = U ⊕ V, 〈, 〉) a Manin superalgebra. First we deﬁne a linear map
ρ : V → U∗ by ρ(X)(Y ) = 〈X, Y 〉, ∀X ∈ V, Y ∈ U. Since the Lie sub-superalgebras U, V of h are
isotropic and 〈, 〉 is non-degenerate then ρ is an isomorphism of graded vector spaces. Deﬁne a map
of graded vector spaces ξ : h = U ⊕ V → U ⊕ U∗ as follows ξ(X + Y ) = X + ρ(Y ), ∀X ∈ U, Y ∈ V.
Clearly, ξ is an isomorphism of graded vector spaces. Our next aim is to endow U ⊕ U∗ with a
structure of quadratic Lie superalgebra by transporting the structure of h to U ⊕ U∗ . Let us deﬁne,
∀(X + f ), (Y + h) ∈ (U ⊕ U∗),
[X + f , Y + h]U⊕U∗ = ξ
([
X + ρ−1( f ), Y + ρ−1(h)]), (2.22)
and ∀(X + f ) ∈ (U ⊕ U∗)x , (Y + h) ∈ (U ⊕ U∗)y ,
〈X + f , Y + h〉U⊕U∗ =
〈
X + ρ−1( f ), Y + ρ−1(h)〉= f (Y ) + (−1)xyh(X). (2.23)
It is immediate to see that U ⊕ U∗ is a Lie superalgebra. Let us show the invariance of 〈, 〉U⊕U∗ . Due
to (2.22) and (2.23) it comes that, ∀(X + f ), (Y + h), (Z + l) ∈ (U ⊕ U∗),
〈[X + f , Y + h]U⊕U∗ , Z + l〉U⊕U∗ = 〈[X + ρ−1( f ), Y + ρ−1(h)], Z + ρ−1(l)〉,
and, similarly, ∀(X + f ), (Y + h), (Z + l) ∈ (U ⊕ U∗),
〈
X + f , [Y + h, Z + l]U⊕U∗
〉
U⊕U∗ =
〈
X + ρ−1( f ), [Y + ρ−1(h), Z + ρ−1(l)]〉.
From the invariance of 〈, 〉 yields the analogous property for 〈, 〉U⊕U∗ . Finally, we set that [, ]U =
([, ]U⊕U∗)|U and c : U → U ⊗ U deﬁned by ([ f ,h]U⊕U∗)(X) = ( f ⊗ h)(c(X)), ∀X ∈ U, f ,h ∈ U∗ . Apply-
ing Proposition 2.6 we state that (U, [, ]U, c) is a Lie bi-superalgebra as required. 
3. Quadratic Lie superalgebras with triangular Lie bi-superalgebra structure
The ﬁrst part of this section is dedicated to triangular Lie bi-superalgebras. We start by describing
the dual Lie superalgebra of this class of Lie bi-superalgebras.
Proposition 3.1. Assume that g is a triangular Lie bi-superalgebra such that the co-multiplication on g is the 1-
coboundary of r (where r is an even skew-symmetric classical r-matrix). Then the multiplication on g∗ deﬁned
by (2.12) is determined explicitly by
[ f ,h] = ad∗R( f )(h) − (−1)αβ ad∗R(h)( f ), ∀ f ∈ (g∗)α, h ∈ (g∗)β , (3.24)
where R is the linear map associated to r deﬁned by (2.2).
Proof. Let r deﬁned as in (2.1). Set f ∈ (g∗)α and h ∈ (g∗)β . Using deﬁnition (2.12) and the adjoint
representation of g in g ⊗ g, for X ∈ gx we get
[ f ,h](X) = 〈 f ⊗ h, X .r〉 = ( f ⊗ h)
(
n∑
i=1
[X, Xi] ⊗ Yi +
n∑
i=1
(−1)xxi Xi ⊗ [X, Yi]
)
= M + N,
M = (−1)βx f ([X,∑ni=1(−1)βxi h(Yi)Xi]) and N = h([X,∑ni=1(−1)xi(x+β) f (Xi)Yi]). If β = yi the sum
in term M is zero. Whilst, if β = yi , due to (2.5) this sum is equal to −R(h). In a similar way,
we prove that the sum in term N is equal to (−1)α(x+β)R( f ). Then [ f ,h](X) = f ([R(h), X]) −
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representation of g in g∗ . 
Proposition 3.2. Consider g a triangular Lie bi-superalgebra such that the co-multiplication c on g is a
1-coboundary of r, which is an even skew-symmetric classical r-matrix. Then the linear map associated to r
deﬁned by (2.2) is a homomorphism of Lie superalgebras.
Proof. Set f ∈ (g∗)α and h ∈ (g∗)β . We have to show that R([ f ,h]) = [R( f ), R(h)], or equivalently,
〈l, R([ f ,h])〉 = 〈l, [R( f ), R(h)]〉, ∀l ∈ (g∗)γ . From (3.24), using deﬁnition of the co-adjoint representa-
tion of g in g∗ , and as R veriﬁes the CYBE, for every l ∈ (g∗)γ we have〈
l, R
([ f ,h])〉= −(−1)βγ {(−1)αβ 〈h, [R(l), R( f )]〉+ (−1)αγ 〈 f , [R(h), R(l)]〉}= 〈l, [R( f ), R(h)]〉.
Finally, using linearity of R and bilinearity of the multiplication of Lie superalgebra we ensure that R
is a homomorphism of Lie superalgebras. 
Lemma 3.3. Consider g a Lie superalgebra and r ∈ g⊗g an even skew-symmetric classical r-matrix. The image
of the linear map R deﬁned by (2.2) is a Lie sub-superalgebra of g.
Proof. Set X ∈ (Im R)α . Then there exists f ∈ (g∗)α such that X = R( f ). Due to (2.3) we infer that
〈h, X〉 = −(−1)αβ 〈 f , R(h)〉 = 0, ∀h ∈ (Ker R)β , which implies that X is an element of the orthogonal
complement of Ker R relative to the bilinear form 〈, 〉, and so Im R = (Ker R)⊥ . Let us prove that Im R
is closed to the multiplication. Set X ∈ (Im R)α , Y ∈ (Im R)β , and l ∈ (Ker R)γ . Then there exist f ∈
(g∗)α and h ∈ (g∗)β such that X = R( f ) and Y = R(h). As R satisﬁes the CYBE we can apply Lemma
2.4, and since l ∈ (Ker R)γ we infer that 〈l, [X, Y ]〉 = −(−1)γ 〈 f , [R(h), R(l)]〉−(−1)β 〈h, [R(l), R( f )]〉 =
0, which means that [X, Y ] ∈ (Ker R)⊥ , and so [X, Y ] ∈ Im R . 
Deﬁnition 3.4. Let g be a Lie superalgebra and r ∈ g ⊗ g an even skew-symmetric classical r-matrix.
Consider R deﬁned by (2.2). We deﬁne a map ω : Im R × Im R → K in the following way: let X, Y be
elements of Im R . Then there exists f ∈ g∗ such that X = R( f ), and we deﬁne
ω(X, Y ) = 〈 f , Y 〉, ∀X, Y ∈ (Im R). (3.25)
Due to (2.3) we can easily prove that ω is well deﬁned. The linearity of R implies the bilinearity of ω.
Deﬁnition 3.5. Let g be a Lie superalgebra. We say that r ∈ g ⊗ g is non-degenerate if the linear map
R associated to r deﬁned by (2.2) is invertible.
We recall that a Lie superalgebra g is called a symplectic Lie superalgebra if there exists a bilin-
ear form ω : g × g → K such that it is even, non-degenerate, skew-supersymmetric, and veriﬁes the
following cyclic condition, ∀X ∈ gx , Y ∈ gy , Z ∈ gz , ∑cycl(−1)xzω(X, [Y , Z ]) = 0, meaning that ω is a
scalar 2-cocycle on g.
Proposition 3.6. Let g be a Lie superalgebra, r ∈ g ⊗ g an even skew-symmetric classical r-matrix, and R
deﬁned by (2.2). Then the bilinear form ω deﬁned by (3.25) is a skew-supersymmetric non-degenerate scalar
2-cocycle on Im R, and so (Im R,ω) is a symplectic Lie superalgebra. Moreover, if r is non-degenerate then g is
a symplectic Lie superalgebra.
Proof. Set X ∈ (Im R)x and Y ∈ (Im R)y . Then there exist f ∈ (g∗)x and h ∈ (g∗)y such that X =
R( f ) and Y = R(h). From (2.3) we get ω(X, Y ) = −(−1)xyω(Y , X), which means that ω is skew-
supersymmetric. Now we consider also Z ∈ (Im R)z . Then there exists l ∈ (g∗)z such that Z = R(l). Due
to (2.4) we conclude that
∑
cycl(−1)xzω(X, [Y , Z ]) =
∑
cycl(−1)xz〈 f , [R(h), R(l)]〉 = 0, which states
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ω(X, Y ) = 0, ∀Y ∈ Im R . Then there exists f ∈ g∗ such that X = R( f ), and so 〈 f , Im R〉 = {0}, which
means that f ∈ (Im R)⊥ = Ker R , therefore X = 0. We conclude that ω is a symplectic structure on
Im R , meaning that (Im R,ω) is a symplectic Lie superalgebra. Furthermore, if r is non-degenerate
then Ker R = {0}, which implies that Im R = g. Therefore g is a symplectic Lie superalgebra. 
In fact, we prove that there is a bijective correspondence between the linear map from g∗ to g,
satisfying the CYBE, and the symplectic Lie sub-superalgebra of g.
Proposition 3.7. Let g be a Lie superalgebra and h a symplectic Lie sub-superalgebra of g. Then there is a linear
map from g∗ to g associated to the symplectic structure of h satisfying the CYBE.
Proof. Let h be a symplectic Lie sub-superalgebra of g and ω : h × h → K the symplectic structure
of h. Deﬁne φ : h → h∗ by
φ(X) = ω(X, .), ∀X ∈ h. (3.26)
Since ω is a non-degenerate bilinear form then φ is an invertible linear map. Denote ω˜ = φ−1. Let
X ∈ hα and Y ∈ hβ . Then there exist f ∈ (h∗)α and h ∈ (h∗)β such that ω˜( f ) = X and ω˜(h) = Y . Since
ω is skew-supersymmetric we obtain
ω(X, Y ) = −(−1)αβ 〈h, ω˜( f )〉, ∀X ∈ hα, Y ∈ hβ . (3.27)
Using (3.27) and again the fact that ω is skew-supersymmetric we infer that 〈 f , ω˜(h)〉 =
−(−1)αβ 〈h, ω˜( f )〉, ∀ f ∈ (h∗)α , h ∈ (h∗)β . Let also Z ∈ hγ and l ∈ (h∗)γ such that ω˜(l) = Z . As (3.27)
and ω is a scalar 2-cocycle on h we get
∑
cycl(−1)βγ 〈l, [ω˜( f ), ω˜(h)]〉 = 0, meaning that ω˜ satisﬁes the
CYBE. Finally, consider the canonical injection i : h → g. Then the map R = i ◦ ω˜ ◦ it , where it : g∗ → h∗
is deﬁned by it( f )(X) = f (i(X)), ∀X ∈ h, is linear and satisﬁes the CYBE as required. 
Proposition 3.8. Consider g a triangular Lie bi-superalgebra such that the co-multiplication on g is a
1-coboundary of r, which is an even skew-symmetric classical r-matrix. Then we have the following asser-
tions related to the linear map R associated to r
(i) Ker R is an abelian graded ideal of g∗ .
(ii) The natural map R : g∗/Ker R → Im R induced in g∗/Ker R by R is an isomorphism of symplectic Lie
superalgebras. Moreover, if r is non-degenerate then g∗ and g are isomorphic symplectic Lie superalgebras.
Proof. First we prove assertion (i). Set f ∈ (g∗)α and h ∈ (Ker R) ∩ (g∗)β . We have to ensure that
R([ f ,h]) = 0. Due to (2.3), for all l ∈ (g∗)γ we obtain 〈l, R([ f ,h])〉 = −(−1)γ (α+β)〈[ f ,h], R(l)〉,
and so we have to show that 〈[ f ,h], R(l)〉 = 0, ∀l ∈ (g∗)γ . We use (3.24) and h ∈ Ker R , to get
[ f ,h] = ad∗R( f )(h). As R veriﬁes the CYBE we can use Lemma 2.4 and since h ∈ Ker R , we have
〈[ f ,h], R(l)〉 = (−1)β(α+1)〈 f , [R(l), R(h)]〉 + (−1)αβ+γ 〈l, [R(h), R( f )]〉 = 0, consequently Ker R is an
ideal of g∗ . Furthermore, using again (3.24) and bilinearity of the multiplication of Lie superalgebra
we see that [ f ,h] = 0, ∀ f ,h ∈ Ker R , which means that the ideal Ker R is abelian.
Now we show assertion (ii). Since R is a homomorphism of Lie superalgebras then it is obvious
that the natural map R : g∗/Ker R → Im R deﬁned by R( f ) = R( f ), ∀ f ∈ (g∗/Ker R), is an isomorphism
of Lie superalgebras. Deﬁne Ω : g∗ ×g∗ → K by Ω( f ,h) = 〈 f , R(h)〉 = ω(R( f ), R(h)), ∀ f ,h ∈ g∗ . Since
R is an even homomorphism of Lie superalgebras and ω ∈ Z2(Im R,K) we easily see that Ω is a scalar
2-cocycle on g∗ . We can prove that (g∗)⊥ = Ker R , where the orthogonal is relative to Ω . Indeed, if
f ∈ (g∗)⊥ then ω(R( f ), Y ) = 0, ∀Y ∈ Im R . Since ω is non-degenerate in Im R , we have that R( f ) = 0,
meaning that (g∗)⊥ ⊆ Ker R . Therefore (g∗)⊥ = Ker R . Now we deﬁne Ω : (g∗/Ker R)× (g∗/Ker R) → K
by Ω( f ,h) = Ω( f ,h), ∀ f ,h ∈ (g∗/Ker R). As (g∗)⊥ = Ker R we easily see that Ω is well deﬁned and it
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to have Ω( f ,h) = ω(R( f ), R(h)), ∀ f ,h ∈ (g∗/Ker R), which means that R preserves the symplectic
structure. Therefore g∗/Ker R and Im R are isomorphic symplectic Lie superalgebras. Furthermore, if r
is non-degenerate then R is bijective, consequently g∗ and g are isomorphic symplectic Lie superal-
gebras. 
In the rest of this section we consider (g, B) a quadratic Lie superalgebra. Since B is non-
degenerate then the map φ : g → g∗ deﬁned by
φ(X) = B(X, .), ∀X ∈ g, (3.28)
is an isomorphism of vector spaces. As B is even then so is the map φ.
Proposition 3.9. Let (g, B) be a quadratic Lie superalgebra. Assume that g is a triangular Lie bi-superalgebra
such that the co-multiplication on g is a 1-coboundary of r, which is an even skew-symmetric classical
r-matrix. The bilinear map [, ]∗ : g × g → g deﬁned by
[X, Y ]∗ = φ−1
([
φ(X),φ(Y )
])
, ∀X, Y ∈ g, (3.29)
where φ is determined by (3.28), can be rewritten as
[X, Y ]∗ =
[
U (X), Y
]+ [X,U (Y )], ∀X, Y ∈ g, (3.30)
where U = R ◦ φ , and R is the linear map associated to r deﬁned by (2.2). Furthermore, g equipped with the
multiplication deﬁned by (3.29) is a Lie superalgebra.
Proof. Set X ∈ gx and Y ∈ gy . Since B is even, then there are f ∈ (g∗)x and h ∈ (g∗)y such that
f = φ(X) and h = φ(Y ). From (3.24) and deﬁnition of co-adjoint representation of g in g∗ , we
get [φ(X),φ(Y )] = −(−1)xyh ◦ ad R( f ) + f ◦ ad R(h), and so [X, Y ]∗ = −(−1)xyφ−1(h ◦ ad R( f )) +
φ−1( f ◦ ad R(h)). We compute the terms separately. As h = φ(Y ), we have that h = B(Y , .). Since
B is invariant, we get h ◦ ad R( f ) = B([Y , R( f )], .). Therefore φ−1(h ◦ ad R( f )) = [Y , R( f )]. In a
similar way we show that φ−1( f ◦ ad R(h)) = [X, R(h)]. In conclusion, using U = R ◦ φ we obtain
[X, Y ]∗ = [U (X), Y ] + [X,U (Y )], ∀X ∈ gx , Y ∈ gy . Using the linearity of U we ensure the validity of
expression (3.30) for all elements of g as desired. Due assertion (3.30) and since U is even we easily
prove that [X, Y ]∗ is skew-symmetric. Finally, we investigate the graded Jacobi identity. Using (3.29),
for X ∈ gx , Y ∈ gy , and Z ∈ gz we get [X, [Y , Z ]∗]∗ = φ−1([φ(X), [φ(Y ),φ(Z)]]). Then the graded Ja-
cobi identity comes easily from the analogous property on Lie superalgebra g∗ and we ﬁnish the
proof. 
Proposition 3.10. Let (g, B) be a quadratic Lie superalgebra. Assume that g is a triangular Lie bi-super-
algebra such that the co-multiplication on g is a 1-coboundary of r, which is an even skew-symmetric classical
r-matrix. Then the endomorphism U = R ◦ φ : (g, [, ]∗) → (g, [, ]) is a homomorphism of Lie superalgebras.
Moreover, U is skew-symmetric relative to B, which means that B(X,U (Y )) = −B(U (X), Y ), ∀X, Y ∈ g.
Proof. Since R is skew-symmetric, B is supersymmetric and U = R ◦ φ we easily show that U is
skew-symmetric relative to B . Now we ensure that U is a homomorphism of Lie superalgebras if the
Lie superalgebra domain g is endowed with the multiplication deﬁned by (3.29). By assumption R
veriﬁes the CYBE, which means that
∑
cycl
(−1)αγ 〈 f , [R(h), R(l)]〉= 0, ∀ f ∈ (g∗)α, h ∈ (g∗)β , l ∈ (g∗)γ . (3.31)
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jective and even then there are X ∈ gα , Y ∈ gβ , and Z ∈ gγ such that f = φ(X), h = φ(Y ), and
l = φ(Z). Since B is invariant and U is skew-symmetric relative to B , we infer that 〈 f , [R(h), R(l)]〉 =
−B(U ([X,U (Y )]), Z), and also 〈h, [R(l), R( f )]〉 = −(−1)α(β+γ )B(U ([U (X), Y ]), Z). Since B is super-
symmetric, we get 〈l, [R( f ), R(h)]〉 = (−1)γ (α+β)B([U (X),U (Y )], Z). We turn to (3.31), to establish
that (−1)αγ B(−U ([X,U (Y )]) − U ([U (X), Y ]) + [U (X),U (Y )], Z) = 0. Since B is non-degenerate we
infer that U ([U (X), Y ] + [X,U (Y )]) = [U (X),U (Y )], ∀X, Y ∈ g. In view of (3.30), we conclude that
U ([X, Y ]∗) = [U (X),U (Y )], ∀X, Y ∈ g, which means that U is a homomorphism of Lie superalgebras
as required. 
Conversely, we prove the next proposition.
Proposition 3.11. Let (g, B) be a quadratic Lie superalgebra and U an even endomorphism of g. Suppose that
U is skew-symmetric relative to B and the multiplication
[X, Y ]∗ =
[
U (X), Y
]+ [X,U (Y )], ∀X, Y ∈ g, (3.32)
deﬁnes a structure of Lie superalgebra on g such that U : (g, [, ]∗) → (g, [, ]) is a homomorphism of Lie super-
algebras. Then the linear map R = U ◦ φ−1 : g∗ → g is even skew-symmetric and satisﬁes the CYBE.
Proof. It is obvious that R is even. Since U is skew-symmetric relative to B , and B is supersymmetric
we easily infer that R is skew-symmetric. Now we prove that R veriﬁes the CYBE. Set f ∈ (g∗)α ,
h ∈ (g∗)β , and l ∈ (g∗)γ . Then there exist X ∈ gα , Y ∈ gβ , and Z ∈ gγ such that f = φ(X), h = φ(Y ),
and l = φ(Z). Computing each term of CYBE separately as in proof of Proposition 3.10 we have that
∑
cycl
(−1)αγ 〈 f , [R(h), R(l)]〉= (−1)αγ B(−U([X,U (Y )])− U([U (X), Y ])+ [U (X),U (Y )], Z).
Since U is a homomorphism of Lie superalgebras when the Lie superalgebra domain g is endowed
with the multiplication deﬁned by (3.32), we obtain U ([U (X), Y ] + [X,U (Y )]) = [U (X),U (Y )], and so
we conclude that R veriﬁes the CYBE. 
Proposition 3.12. Let (g, B) be a quadratic Lie superalgebra. Assume that g is a triangular Lie bi-superalgebra
such that the co-multiplication on g is a 1-coboundary of r, which is an even non-degenerate skew-symmetric
classical r-matrix. The bilinear map ω : g × g → K deﬁned by
ω(X, Y ) = B(X,U (Y )), ∀X, Y ∈ g,
where U = R ◦ φ and R is the linear map associated to r deﬁned by (2.2), is a symplectic structure on Lie
superalgebra g provided with the multiplication deﬁned by (3.29).
Proof. Since U is even and skew-symmetric relative to B , and B is supersymmetric it is immediate
to infer that ω is skew-supersymmetric. Now we have to prove that
∑
cycl
(−1)xzω(X, [Y , Z ]∗)= 0, ∀X ∈ gx, Y ∈ gy, Z ∈ gz. (3.33)
First we calculate the three terms separately. Set X ∈ gx , Y ∈ gy , and Z ∈ gz . Since B is invariant,
U is a homomorphism of Lie superalgebras when the Lie superalgebra domain g is equipped with the
multiplication deﬁned by (3.29), and U is skew-symmetric relative to B , we obtain ω(X, [Y , Z ]∗) =
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then ω(Z , [X, Y ]∗) = (−1)z(x+y)B(U ([X, Y ]∗), Z). Consequently∑
cycl
(−1)xzω(X, [Y , Z ]∗)= (−1)xz B(−U([X,U (Y )]+ [U (X), Y ])+ U([X, Y ]∗), Z).
Due to (3.30) we conclude (3.33). Finally we ensure that ω is non-degenerate. Suppose that there
is X ∈ g such that ω(X, Y ) = B(X,U (Y )) = 0, ∀Y ∈ g. Since r is non-degenerate then R is bijective
and so U . Therefore g = ImU and due to non-degeneracy of B we have X = 0, so the proof is com-
plete. 
4. Structures and inductive descriptions of quadratic symplectic Lie superalgebras
This section is devoted to introduce quadratic symplectic double extension and generalized
quadratic symplectic double extension in order to give inductive description of quadratic symplec-
tic Lie superalgebras. We start this section by presenting a characterization of Lie superalgebras of
this class.
Proposition 4.1. Let (g, B) be a quadratic Lie superalgebra. Then (g,ω) is a symplectic Lie superalgebra if and
only if there is an even invertible skew-supersymmetric superderivation D of (g, B) such that
ω(X, Y ) = B(D(X), Y ), ∀X, Y ∈ g.
Proof. First, let us assume that ω is a symplectic structure on g. Let X ∈ g, then there exists an
unique X1 ∈ g such that ω(X, .) = B(X1, .). Moreover, if X is homogeneous of degree α, then the
degree of X1 is also α. So consider the linear map D : g → g deﬁned by: for every X ∈ g, D(X) is the
unique element in g satisfying ω(X, Y ) = B(D(X), Y ), ∀Y ∈ g. As B and ω are even it is obvious that
so is D . Due to non-degeneracy of ω, it is elementary to show that D is invertible. As ω is skew-
supersymmetric, and B is supersymmetric, it is straightforward that D is skew-symmetric relative
to B . Let us prove that D is an even superderivation. The fact that ω is a scalar 2-cocycle on g
implies that
(−1)xz B([D(X), Y ]+ [X, D(Y )]− D([X, Y ]), Z)= 0, ∀X ∈ gx, Y ∈ gy, Z ∈ gz.
Since B is non-degenerate we conclude that D([X, Y ]) = [D(X), Y ]+[X, D(Y )], ∀X ∈ gx , Y ∈ gy , which
means that D is an even superderivation on g. Now the converse follows straightforward. 
Remark 4.2. Notice that a quadratic Lie superalgebra g = g0¯⊕g1¯ , provided with a symplectic structure,
admits an invertible even superderivation. Consequently, g0¯ must be a nilpotent Lie algebra [17]. Then
g is a solvable Lie superalgebra [14].
Open question. Is a quadratic symplectic Lie superalgebra nilpotent? More generally, if a Lie superal-
gebra g admits an even invertible superderivation, is g nilpotent?
Let us recall that, the center of a Lie superalgebra g consists of the so-called ideal of g deﬁned by
z(g) = {X ∈ g: [X, Y ] = 0, ∀Y ∈ g}.
Proposition 4.3. Let (g = g0¯ ⊕ g1¯, B) be a quadratic Lie superalgebra such that g0¯ is nilpotent Lie algebra and
g1¯ = {0}. Then z(g) ∩ g1¯ = {0}.
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degenerate then [g1¯, X] = {0}. Therefore [g, X] = {0}, and so X ∈ z(g) ∩ g1¯ as required. 
Corollary 4.4. If (g = g0¯ ⊕ g1¯, B,ω) is a quadratic symplectic Lie superalgebra such that g1¯ = {0} then
z(g) ∩ g1¯ = {0}.
The next result [7, Lemma 3.2] will be used in the following example.
Lemma 4.5. Let h be a Lie superalgebra. The Z2-graded vector space g = h⊕ h∗ endowed with the multiplica-
tion [, ] deﬁned by [X + f , Y +h] = [X, Y ]h + (−1)xyh ◦ adh(X)+ f ◦ adh(Y ), ∀(X + f ) ∈ gx, (Y +h) ∈ gy ,
is a Lie superalgebra. The bilinear form B : g × g → K deﬁned by B(X + f , Y + h) = f (Y ) + (−1)xyh(X),
∀(X+ f ) ∈ gx, (Y +h) ∈ gy , is an invariant scalar product on g. The quadratic Lie superalgebra (g = h⊕h∗, B)
is the double extension of {0} by h [5]. Let D be a homogeneous superderivation of h of degree α. Denote by
D∗ : h∗ → h∗ the homogeneous linear map of degree α deﬁned by D∗( f )(X) = −(−1)αy f (D(X)), ∀X ∈ h,
f ∈ h∗y (that is, D∗ = −t D, where t D is the supertranspose of D). Therefore the linear map D˜ : g → g deﬁned
by
D˜(X + f ) = D(X) + D∗( f ), ∀X ∈ h, f ∈ h∗,
is a homogeneous skew-supersymmetric superderivation of (g, B) of degree α.
Now we will mention an example of quadratic symplectic Lie superalgebras.
Example 4.6. Let g be a Lie superalgebra over the ﬁeld K and the associative algebra An =
XK[X]/(XnK[X]), with n ∈ N\{1}. We easily show that the Z2-graded vector space g˜n = g⊗K An with
the multiplication deﬁned by: ∀X, Y ∈ g, ∀p,q ∈ N, [X⊗t p, Y ⊗tq] = [X, Y ]g⊗t p+q , is a Lie superalge-
bra. The linear map D : g˜n → g˜n deﬁned by D(X ⊗ t p) = p(X ⊗ t p), ∀X ∈ g, ∀p ∈ {1, . . . ,n}, is an even
invertible superderivation of g˜n . We consider the trivial double extension (k = g˜⊕ g˜∗, B) of g˜. The lin-
ear map D˜ : k → k given by D˜(X + f ) = D(X)− f ◦ D , ∀X ∈ g˜, f ∈ g˜∗ , is an even skew-supersymmetric
superderivation of (k, B). It is clear that D˜ is invertible. By Proposition 4.1, the quadratic Lie superalge-
bra (k, B) admits a symplectic structure. In particular, if we consider the Lie superalgebra g = osp(1,2)
and n = 2 then we get a nilpotent Lie superalgebra g˜ of dimension 10 and a quadratic symplectic Lie
superalgebra k of dimension 20.
Recall that if (g, B) is a quadratic Lie superalgebra and δ an even skew-supersymmetric su-
perderivation of (g, B), we can consider the double extension (k = Ke ⊕ g ⊕ Ke∗, B˜) of (g, B) by
the one-dimensional Lie algebra Ke (by means of δ) [5]. The multiplication on k is deﬁned by [e, X] =
δ(X), ∀X ∈ g, [X, Y ] = [X, Y ]g + B(δ(X), Y )e∗ , ∀X, Y ∈ g, [e∗, k] = {0}. Moreover, the invariant scalar
product B˜ on k is given by B˜ |g×g= B , B˜(e∗, e) = 1, B˜(g, e) = B˜(g, e∗) = {0}, B˜(e, e) = B˜(e∗, e∗) = 0.
Theorem 4.7. Let (g, B,ω) be a quadratic symplectic Lie superalgebra and D the unique even invertible skew-
supersymmetric superderivation of (g, B) such that ω(X, Y ) = B(D(X), Y ), ∀X, Y ∈ g. Consider δ an even
skew-supersymmetric superderivation of (g, B) and (k = Ke ⊕ g ⊕ Ke∗, B˜) the double extension of (g, B) by
the one-dimensional Lie algebra Ke (by means of δ). If there exist α ∈ K\{0} and A0 ∈ g0¯ such that
[D, δ] + αδ = ad(A0), (4.34)
then the linear endomorphism D˜ : k → k deﬁned by
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D˜(e) = −αe + A0,
D˜(X) = D(X) − B(X, A0)e∗, ∀X ∈ g,
is an even invertible skew-supersymmetric superderivation of (k, B˜). Consequently, (k, B˜, ω˜) is a quadratic
symplectic Lie superalgebra, where ω˜ : k × k → K is deﬁned by
ω˜(X, Y ) = B˜(D˜(X), Y ), ∀X, Y ∈ k.
In this case, The quadratic symplectic Lie superalgebra (k, B˜, ω˜) is called the quadratic symplectic double ex-
tension of (g, B,ω) by the one-dimensional Lie algebra Ke (by means of δ, A0 , and α).
Proof. We have just to show that D˜ is an even invertible skew-supersymmetric superderivation of
(k, B˜). Since D is invertible it is clear that D˜ is also invertible. First we ensure that D˜ is an even
superderivation of k. We have to see that
D˜
([X, Y ])= [D˜(X), Y ]+ [X, D˜(Y )], ∀X ∈ gx, Y ∈ g. (4.35)
Analyzing each term separately, we get
D˜
([X, Y ])= D([X, Y ]g)− B([X, Y ]g, A0)e∗ + B(δ(X), Y )αe∗,[
D˜(X), Y
]= [D(X), Y ]
g
+ B(δ(D(X)), Y )e∗,[
X, D˜(Y )
]= [X, D(Y )]
g
+ B(δ(X), D(Y ))e∗.
Since D is an even superderivation of g, it remains to show that
−B([X, Y ]g, A0)+ B(δ(X), Y )α = B(δ(D(X)), Y )+ B(δ(X), D(Y )).
As B is invariant and D is an even skew-supersymmetric superderivation of (g, B), then the previ-
ous condition is equivalent to B([D, δ](X) + αδ(X) − [A0, X]g, Y ) = 0, ∀X ∈ gx , Y ∈ g. Finally, from
non-degeneracy of B and using (4.34) we conclude (4.35). Since δ is an even skew-supersymmetric
superderivation of (g, B) and B is supersymmetric, we infer that D˜([e, X]) = [D˜(e), X] + [e, D˜(X)],
∀X ∈ gx , is equivalent to D(δ(X)) − δ(D(X)) + αδ(X) = [A0, X]g , ∀X ∈ gx . By linearity it comes asser-
tion (4.34). From [e, e] = 0, we have D˜([e, e]) = 0 and [D˜(e), e]+ [e, D˜(e)] = 0. Using [e∗, k] = {0}, it is
clear that D˜([e∗, X]) = [D˜(e∗), X]+ [e∗, D˜(X)], for X = e, X = e∗ , and X ∈ g. To complete the proof we
have to guarantee that the even superderivation D˜ is skew-supersymmetric. As D is an even skew-
supersymmetric superderivation of (g, B) we get that B˜(D˜(X), Y ) = −B˜(X, D˜(Y )), ∀X ∈ gx , Y ∈ g. The
others cases come trivially, so the proof is complete. 
Our next goal is to establish the converse of Theorem 4.7.
Proposition 4.8. Let (g, B,ω) be a quadratic symplectic Lie superalgebra such that dimg > 1. If z(g)∩g0¯ = {0}
then (g, B,ω) is the quadratic symplectic double extension of a quadratic symplectic Lie superalgebra (h, B˜, ω˜)
(dimh = dimg − 2) by the one-dimensional Lie algebra.
Proof. Let D be the unique even invertible skew-supersymmetric superderivation of (g, B) such that
ω(X, Y ) = B(D(X), Y ), ∀X, Y ∈ g. We assume that z(g)∩ g0¯ = {0}. Since K is algebraically closed, D is
invertible, and D(z(g) ∩ g0¯) = z(g)∩ g0¯ , we ﬁx e∗ ∈ z(g)∩ g0¯ such that D(e∗) = αe∗ , where α ∈ K\{0},
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where J is the orthogonal of I with respect to B . Since I is stable under D (which means that
D(I) ⊆ I) then J is also stable under D . As B is even and non-degenerate then there is e ∈ g0¯ such
that B(e, e) = 0 and B(e∗, e) = 0. We may assume that B(e∗, e) = 1. As B is non-degenerate there
exists a graded vector subspace h of g such that B(h, e) = B(h, e∗) = {0}, J = Ke∗ ⊕ h, and B˜ = B |h×h
is non-degenerate. Since h is a graded vector subspace of g contained in the graded ideal J of g
entails that
[X, Y ] = α(X, Y ) + ϕ(X, Y )e∗, ∀X, Y ∈ h,
with α(X, Y ) ∈ h and ϕ(X, Y ) ∈ K. Further,
[e, X] = δ(X) + ψ(X)e∗, ∀X ∈ h,
with δ(X) ∈ h and ψ(X) ∈ K.
By the proof of Theorem 2 in [5], (h,α = [, ]h, B˜) is a quadratic Lie superalgebra and δ is an even
skew-supersymmetric superderivation of (h, B˜). Moreover, (g, B) is the double extension of (h, B˜)
by the one-dimensional Lie algebra Ke (by means of δ). Since g = Ke ⊕ h ⊕ Ke∗ , D( J ) ⊆ J , and
J = h ⊕ Ke∗ then the linear map D : g → g is determined by
D(e∗) = αe∗,
D(e) = νe + A0 + μe∗,
D(X) = D˜(X) + β(X)e∗, ∀X ∈ h,
with A0 ∈ h0¯ , D˜(X) ∈ h, and ν,μ,β(X) ∈ K.
Claim. Then D˜ is an even invertible skew-supersymmetric superderivation of (h, B˜), ν = −α, μ = 0, and
β(X) = −B(X, A0), ∀X ∈ h,
[D˜, δ] + αδ = ad(A0). (4.36)
Proof. Since D is an even superderivation of g, this means, ∀X ∈ hx , Y ∈ h, D([X, Y ]) = [D(X), Y ] +
[X, D(Y )], we infer that
D˜
([X, Y ]h)= [D˜(X), Y ]h + [X, D˜(Y )]h, ∀X ∈ hx, Y ∈ h, (4.37)
and β([X, Y ]h) + αϕ(X, Y ) = ϕ(D˜(X), Y ) + ϕ(X, D˜(Y )), ∀X ∈ hx , Y ∈ h. By (4.37) we conclude that
D ∈ (Der(h))0¯ . Now, since D is an even skew-supersymmetric superderivation of (g, B) it is clear
that D˜ is an even skew-supersymmetric superderivation of (h, B˜). The fact that D is an even skew-
supersymmetric superderivation of (g, B) implies that B(D(e), e) = −B(e, D(e)) and B(D(e∗), e) =
−B(e∗, D(e)). Consequently μ = 0 and ν = −α. Finally, from B(D(X), e) = −B(X, D(e)), ∀X ∈ hx , it
follows that β(X) = −B(X, A0), ∀X ∈ hx . As D is an even superderivation of g D([e, X]) = [D(e), X] +
[e, D(X)], ∀X ∈ hx , yields that, for all X ∈ hx
D˜
(
δ(X)
)− δ(D˜(X))+ αδ(X) − B(δ(X), A0)e∗ = [A0, X]h + B(δ(A0), X)e∗.
As D is an even skew-supersymmetric superderivation of (g, B) entails that ∀X ∈ hx , D˜(δ(X)) −
δ(D˜(X))+αδ(X) = [A0, X]h . After extending to all h, we state (4.36), and the claim is showed, which
completes the proof of Proposition 4.8. 
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double extension of a quadratic symplectic Lie superalgebra by the one-dimensional Lie superalgebra
with the even part zero. To start, we recall the concept of generalized double extension of quadratic
Lie superalgebras introduced in [3]. Suppose that (g, B) is a quadratic Lie superalgebra, δ an odd
skew-supersymmetric superderivation of (g, B), and X0 a non-zero element of g0¯ such that δ(X0) = 0,
B(X0, X0) = 0 and δ2 = 12 [X0, .]g . Consider the generalized double extension (k = Ke ⊕ g ⊕ Ke∗, B˜) of
the quadratic Lie superalgebra (g, B) by the one-dimensional Lie superalgebra (Ke)1¯ (by means of
δ and X0). The multiplication on k is determined by [e, e] = X0, [e, X] = δ(X) − B(X, X0)e∗ , ∀X ∈ g,
[X, Y ] = [X, Y ]g − B(δ(X), Y )e∗ , ∀X, Y ∈ g, [e∗, k] = {0}. Further, the invariant scalar product B˜ on k is
given by B˜ |g×g= B , B˜(e∗, e) = 1, B˜(g, e) = B˜(g, e∗) = {0}, B˜(e, e) = B˜(e∗, e∗) = 0.
Theorem 4.9. Assume that (g, B,ω) is a quadratic symplectic Lie superalgebra and D the unique even invert-
ible skew-supersymmetric superderivation of (g, B) such that ω(X, Y ) = B(D(X), Y ), ∀X, Y ∈ g. Consider δ
an odd skew-supersymmetric superderivation of (g, B) and X0 a non-zero element of g0¯ such that δ(X0) = 0,
B(X0, X0) = 0, δ2 = 12 [X0, .]g . Let (k = Ke⊕g⊕Ke∗, B˜) be the generalized double extension of (g, B) by the
one-dimensional Lie superalgebra (Ke)1¯ (by means of δ and X0). If there exist α ∈ K\{0}, μ ∈ K, and A1 ∈ g1¯
such that
[D, δ] + αδ = ad(A1), (4.38)
δ(A1) = αX0 + 1
2
D(X0), (4.39)
then the linear endomorphism D˜ : k → k deﬁned by
D˜(e∗) = αe∗,
D˜(e) = μe∗ + A1 − αe,
D˜(X) = D(X) − B(X, A1)e∗, ∀X ∈ g,
is an even invertible skew-supersymmetric superderivation of (k, B˜). Therefore (k, B˜, ω˜) is a quadratic sym-
plectic Lie superalgebra, where ω˜ : k × k → K is deﬁned by
ω˜(X, Y ) = B˜(D˜(X), Y ), ∀X, Y ∈ k.
In this case, The quadratic symplectic Lie superalgebra (k, B˜, ω˜) is called the generalized quadratic symplectic
double extension of (g, B,ω) by the one-dimensional Lie superalgebra (Ke)1¯ (bymeans of δ, X0 , A1 ,α, andμ).
Proof. We have just to see that D˜ is an even invertible skew-supersymmetric superderivation of
(k, B˜). Since D is invertible it is clear that D˜ is also invertible. We start by showing that D˜ is an
even superderivation of k. We have to prove that D˜([X, Y ]) = [D˜(X), Y ] + [X, D˜(Y )], ∀X ∈ gx , Y ∈ g.
Computing the terms of the expression above, we obtain
D˜
([X, Y ])= D([X, Y ]g)− B([X, Y ]g, A1)e∗ − B(δ(X), Y )αe∗,[
D˜(X), Y
]= [D(X), Y ]
g
− B(δ(D(X)), Y )e∗,[
X, D˜(Y )
]= [X, D(Y )]
g
− B(δ(X), D(Y ))e∗.
As D is an even superderivation of g, we have just to check that
−B([X, Y ]g, A1)− B(δ(X), Y )α = −B(δ(D(X)), Y )− B(δ(X), D(Y )). (4.40)
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then the last assertion is equivalent to ∀X ∈ gx , Y ∈ g, B([D, δ](X) + αδ(X) − [A1, X]g, Y ) = 0 and
using the non-degeneracy of B we get (4.40). Moreover, we have to show that
D˜
([e, X])= [D˜(e), X]+ [e, D˜(X)], ∀X ∈ gx. (4.41)
Once more, calculating the terms, we obtain
D˜
([e, X])= D(δ(X))− B(δ(X), A1)e∗ − B(X, X0)αe∗,[
D˜(e), X
]= [A1, X]g − B(δ(A1), X)e∗ − αδ(X) + αB(X, X0)e∗,[
e, D˜(X)
]= δ(D(X))− B(D(X), X0)e∗.
Then (4.41) is equivalent to{
D
(
δ(X)
)− δ(D(X))+ αδ(X) = [A1, X]g,
−B(δ(X), A1)+ B(δ(A1), X)= 2αB(X, X0) − B(D(X), X0).
The former assertion is condition (4.38). As B is an invariant scalar product on g, doing some cal-
culations we conclude that the last assertion is expression (4.39). Further, we easily verify that
D˜([e, e]) = [D˜(e), e] + [e, D˜(e)] is equivalent to (4.39). Due to [e∗, k] = {0}, it is immediate that
D˜([e∗, X]) = [D˜(e∗), X] + [e∗, D˜(X)], where X = e, X = e∗ , and X ∈ g. We still have to prove that
the even superderivation D˜ is skew-supersymmetric. Since D is an even skew-supersymmetric su-
perderivation of (g, B) it follows that B˜(D˜(X), Y ) = −B˜(X, D˜(Y )), ∀X ∈ gx , Y ∈ g. As B is an even
supersymmetric bilinear form we get that B˜(D˜(e), Y ) = −B˜(e, D˜(Y )), ∀X ∈ gx . The others cases come
straightforward, which states the proof. 
Let us show the converse of Theorem 4.9.
Proposition 4.10. Let (g, B,ω) be a quadratic symplectic Lie superalgebra such that dimg > 1. If z(g) ∩
g1¯ = {0}, then (g, B,ω) is the generalized quadratic symplectic double extension of a quadratic symplectic Lie
superalgebra (h, B˜, ω˜) (dimh = dimg − 2) by the one-dimensional Lie superalgebra (Ke)1¯ .
Proof. Let us assume that (g, B,ω) is a quadratic symplectic Lie superalgebra (dimg > 1) and
D the unique even invertible skew-supersymmetric superderivation of (g, B) such that ω(X, Y ) =
B(D(X), Y ), ∀X, Y ∈ g. Suppose that z(g) ∩ g1¯ = {0}. As K is algebraically closed, D(z(g) ∩ g1¯) =
z(g) ∩ g1¯ , and D is invertible, we set e∗ ∈ z(g) ∩ g1¯ such that D(e∗) = αe∗ , where α ∈ K\{0}. We
denote the graded ideal I = Ke∗ . Since ω is skew-supersymmetric, we obtain B(e∗, e∗) = 0, then
I ⊆ J , where J is the orthogonal of I with respect to B . As I is stable under D , we have that J is also
stable under D . Since B is even and non-degenerate then there is e ∈ g1¯ such that B(e, e) = 0 and
B(e∗, e) = 1. From the non-degeneracy of B assumption there is a graded vector subspace h of g such
that B(h, e) = B(h, e∗) = {0}, J = Ke∗ ⊕ h, and B˜ = B |h×h is non-degenerate. As h is a graded vector
subspace of g contained in the graded ideal J we have that
[X, Y ] = α(X, Y ) + ϕ(X, Y )e∗, ∀X, Y ∈ h,
with α(X, Y ) ∈ h and ϕ(X, Y ) ∈ K. And,
[e, X] = δ(X) + ψ(X)e∗, ∀X ∈ h,
with δ(X) ∈ h and ψ(X) ∈ K.
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where X0 is an element of g0¯ not necessarily zero, δ is an odd skew-supersymmetric superderivation
of (h, B˜) such that δ(X0) = 0, B(X0, X0) = 0, and δ2 = 12 [X0, .]g . Furthermore, (g, B) is the generalized
double extension of (h, B˜) by the one-dimensional Lie superalgebra (Ke)1¯ (by means of δ and X0). As
g = Ke ⊕ h ⊕ Ke∗ , D( J ) ⊆ J , and J = h ⊕ Ke∗ then
D(e∗) = αe∗,
D(e) = νe + A1 + μe∗,
D(X) = D˜(X) + β(X)e∗, ∀X ∈ h,
where A1 ∈ h1¯ , D˜(X) ∈ h, and ν,μ,β(X) ∈ K.
Claim. Then D˜ is an even invertible skew-supersymmetric superderivation of (k, B˜), ν = −α, and have the
following assertions β(X) = −B(X, A1), ∀X ∈ h,
[D˜, δ] + αδ = ad(A1), (4.42)
δ(A1) = 1
2
D˜(X0) + αX0. (4.43)
Proof. In a similar way of the proof of claim in the proof of Proposition 4.8 we show that D˜ is an even
invertible skew-supersymmetric superderivation of (h, B˜), ν = −α, and β(X) = −B(X, A1), ∀X ∈ h.
As D is an even superderivation of g, then D([e, X]) = [D(e), X] + [e, D(X)], ∀X ∈ hx . Consequently,
we obtain Eq. (4.42) and 2B(δ(A1), X) = B(D˜(X0), X) + 2αB(X0, X), ∀X ∈ hx . The last equation is
equivalent to Eq. (4.43), because B˜ is non-degenerate. Which completes the proof of the claim and
consequently the proof of Proposition 4.10. 
Corollary 4.11. The non-zero quadratic symplectic Lie superalgebra (g, B,ω) is obtained from {0} by a se-
quence of a quadratic symplectic double extension by the one-dimensional Lie algebra, and/or a generalized
quadratic symplectic double extension by the one-dimensional Lie superalgebra (Ke)1¯ .
By Corollary 4.4 and Proposition 4.10, we have the following result.
Corollary 4.12. A non-zero quadratic symplectic Lie superalgebra (g, B,ω) is either a quadratic symplectic Lie
algebra or is obtained from a quadratic symplectic Lie algebra by a sequence of generalized quadratic symplectic
double extension by the one-dimensional Lie superalgebra (Ke)1¯ .
Remark 4.13. Theorem 4.2 of [4] and Corollary 4.12 give an inductive description of quadratic sym-
plectic Lie superalgebras.
5. Manin superalgebras and quadratic symplectic Lie superalgebras
In [19], the concept of double extension of Manin algebras was introduced and later, in [4], it
was used to describe more precisely the structure of quadratic symplectic Lie algebras. We start this
section by introducing the concepts of double extension and generalized double extension of Manin
superalgebras.
Proposition 5.1. Let (g = U ⊕ V, B) be a Manin superalgebra and D an even skew-supersymmetric su-
perderivation of (g, B), such that D(V) ⊆ V. Then the double extension (k = Ke ⊕ g ⊕ Ke∗, B˜) of (g, B)
by the one-dimensional Lie algebra Ke (by means of D) is a Manin superalgebra (k = U′ ⊕ V′, B˜), where
U′ = Ke∗ ⊕U and V′ = Ke  V (more precisely, U′ = Ke∗ ⊕U is a central extension of U, and V′ = Ke  V
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the double extension of the Manin superalgebra (g = U ⊕ V, B) by the one-dimensional Lie algebra Ke (by
means of D).
Proof. Let us take the double extension (k = Ke⊕ g⊕Ke∗, B˜) of the quadratic Lie superalgebra (g, B)
by the one-dimensional Lie algebra Ke (by means of D). Stand k = U′ ⊕ V′ , where U′ = Ke∗ ⊕ U and
V′ = Ke ⊕ V. Since U is a Lie sub-superalgebra of g such that B(U,U) = {0} it comes immediate that
U′ is a Lie sub-superalgebra of k such that B˜(U′,U′) = {0}. Further, U′ is a central extension of U. As
V is a Lie sub-superalgebra of g with D(V) ⊆ V and B(V,V) = {0}, we easily see that V′ is a Lie
sub-superalgebra of k such that B˜(V′,V′) = {0} and V′ is the semi-direct product of Ke and V (by
means of D |V). In conclusion, (k = U′ ⊕ V′, B˜) is a Manin superalgebra. 
Recall the deﬁnition of generalized semi-direct product of g by (Ke)1¯ by means of (D, X0) given
in [2] and used in [3].
Deﬁnition 5.2. Let (g, [, ]g) be a Lie superalgebra, D ∈ (Der(g))1¯ and X0 ∈ g such that D(X0) = 0
and D2 = 12 [X0, .]g . On the Z2-graded vector space h = g ⊕ (Ke)1¯ over the ﬁeld K, the bilinear map[, ] : h × h → h given by
[e, e] = X0,
[e, X] = (−1)x[X, e] = D(X), ∀X ∈ gx,
[X, Y ] = [X, Y ]g, ∀X, Y ∈ g,
deﬁnes a Lie superalgebra structure on h. In this conditions, (h, [, ]) is called a generalized semi-direct
product of g by (Ke)1¯ by means of (D, X0).
Proposition 5.3. Let (g = U⊕V, B) be a Manin superalgebra, X0 ∈ V0¯ , and D an odd skew-supersymmetric
superderivation of (g, B) such that D(V) ⊆ V, D(X0) = 0, and
D2 = 1
2
[X0, .]g.
Then the generalized double extension (k = Ke⊕g⊕Ke∗, B˜) of (g, B) by the one-dimensional Lie superalgebra
Ke = (Ke)1¯ (by means of D and X0) is a Manin superalgebra (k = U′ ⊕V′, B˜), where U′ = Ke∗ ⊕U andV′ =
Ke  V (more precisely, U′ = Ke∗ ⊕ U is a central extension of U, and V′ = Ke  V is the generalized semi-
direct product of Ke and V by means of D |V and X0). We say that the Manin superalgebra (k = U′ ⊕ V′, B˜)
is the generalized double extension of the Manin superalgebra (g = U ⊕ V, B) by the one-dimensional Lie
superalgebra Ke (by means of D and X0).
Proof. Consider the generalized double extension (k = Ke ⊕ g ⊕ Ke∗, B˜) of the quadratic Lie superal-
gebra (g, B) by the one-dimensional Lie superalgebra Ke (by means of D and X0). Set k = U′ ⊕ V′ ,
where U′ = Ke∗ ⊕U and V′ = Ke⊕V. As U is a Lie sub-superalgebra of g such that B(U,U) = {0} we
get that U′ is a Lie sub-superalgebra of k such that B˜(U′,U′) = {0}. Moreover, U′ is a central extension
of U. Since V is a Lie sub-superalgebra of g such that D(V) ⊆ V, B(V,V) = {0}, and X0 ∈ V0¯ it
comes that V′ is a Lie sub-superalgebra of k with B˜(V′,V′) = {0}. As D(X0) = 0 and D2 = 12 [X0, .]g
we conclude that V′ = Ke V is the generalized semi-direct product of Ke and V (by means of D |V
and X0). Therefore (k = U′ ⊕ V′, B˜) is a Manin superalgebra as required. 
We will prove the converse of Propositions 5.1 and 5.3.
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If either (z(g) ∩ U)0¯ = {0} or (z(g) ∩ V)0¯ = {0}, then (g = U ⊕ V, B) is the double extension of a Manin
superalgebra (h = U′ ⊕ V′, B˜) (such that dimh = dimg − 2) by the one-dimensional Lie algebra Ke.
If either (z(g)∩U)1¯ = {0} or (z(g)∩V)1¯ = {0}, then (g = U ⊕ V, B) is the generalized double extension of
aManin superalgebra (h = U′ ⊕V′, B˜) (such that dimh = dimg−2) by the one-dimensional Lie superalgebra
Ke = (Ke)1¯ .
Proof. Assume that (g = U ⊕ V, B) is a Manin superalgebra such that dimg > 1 and z(g) ∩ U = {0}
(or similarly z(g)∩V = {0}). We denote z(g)∩U = L0¯ ⊕ L1¯ . Then there exists e∗ ∈ Lc\{0}, where c = 0¯
or c = 1¯, and we denote I = Ke∗ . Since B(U,U) = {0} we obtain U ⊆ J , where J is the orthogonal
of I with respect to B . As B is non-degenerate and B(U,U) = {0} then there exists e ∈ V such that
B(e∗, e) = 0. We may assume that B(e∗, e) = 1. Notice that the degree of e∗ is equal to degree of
e. Since e /∈ J and dim J = dimg − 1 we infer that g = J ⊕ Ke. Then there exists a graded vector
subspace h of g that satisﬁes J = h ⊕ Ke∗ and B(h, e) = {0}. We easily see that B˜ = B |h×h is non-
degenerate. Since U ⊆ J then U = Ke∗ ⊕ U′ , where U′ = U ∩ h. On the other hand, as g = U ⊕ V and
U ⊆ J then J = U⊕V′ , where V′ = V∩ J . From B(V,V) = {0} and B(h, e) = {0} we get V′ ⊆ h. Then
g = Ke ⊕ h ⊕ Ke∗ and h = U′ ⊕ V′ . So h is a graded vector subspace of g contained in the graded
ideal J = h ⊕ Ke∗ of g. Then we get
[X, Y ] = α(X, Y ) + ϕ(X, Y )e∗, ∀X, Y ∈ h,
with α(X, Y ) ∈ h and ϕ(X, Y ) ∈ K. Moreover,
[e, X] = D(X) + ψ(X)e∗, ∀X ∈ h,
with D(X) ∈ h and ψ(X) ∈ K.
Claim 1. (h = U′ ⊕ V′,α = [, ]h, B˜) is a Manin superalgebra.
Proof. Using graded skew-symmetry and graded Jacobi identity on g we easily verify that (h,α) is a
Lie superalgebra. Clearly, B˜ is an invariant scalar product on h, in particular, the invariance of B˜ comes
from the invariance of B on g. From B(U,U) = {0} and B(V,V) = {0} we conclude, respectively, that
B˜(U′,U′) = {0} and B˜(V′,V′) = {0}, which show Claim 1. 
Now [e, e] = γ e∗ + X0 + βe, where γ ,β ∈ K and X0 ∈ h0¯ . Since e is an element of the Lie sub-
superalgebra V and B(V,V) = {0} it is clear that γ = 0. On the other hand, using invariance of B
we get that β = 0. Finally, as g = U ⊕ V, B(U,U) = {0}, B(V,V) = {0} and non-degeneracy of B we
conclude that X0 ∈ V′¯0.
Claim 2. We have that D(V′) ⊆ V′ and D is a homogeneous skew-supersymmetric superderivation of
(h, B˜) of degree c such that D(X0) = 0 and
D2 = (1− (−1)c)−1[X0, .]h.
If c = 0¯ then (g, B) is the double extension of (h, B˜) by the one-dimensional Lie algebra Ke (by means
of D). While, if c = 1¯ then (g = U ⊕ V, B) is the generalized double extension of (h = U′ ⊕ V′, B˜) by
the one-dimensional Lie superalgebra (Ke)1¯ (by means of D and X0).
Proof. Since J is a graded ideal of g and V is a Lie sub-superalgebra of g we easily see that
D(V′) ⊆ V′ . Now we will show that D is a homogeneous skew-supersymmetric superderivation of
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identity
(−1)cy[e, [X, Y ]]+ (−1)cx[X, [Y , e]]+ (−1)xy[Y , [e, X]]= 0, ∀X ∈ hx, Y ∈ hy,
implies that
D
([X, Y ]h)= [D(X), Y ]h + (−1)cx[X, D(Y )]h, ∀X ∈ hx, Y ∈ hy,
ψ
([X, Y ]h)= ϕ(D(X), Y )+ (−1)cxϕ(X, D(Y )), ∀X ∈ hx, Y ∈ hy . (5.44)
By (5.44) we infer that D ∈ (Der(h))c . From the B-invariance assumption B([e, X], Y ) =
−(−1)cxB(X, [e, Y ]), ∀X ∈ hx , Y ∈ h, we get that, ∀X ∈ hx , Y ∈ h, B˜(D(X), Y ) = −(−1)cx B˜(X, D(Y )),
which means that D ∈ (Dera(h, B˜))c . The graded Jacobi identity [e, [e, e]] = 0 implies that D(X0) = 0
and ψ(X0) = 0. Doing simple calculations, we see that ϕ(X, Y ) = B([X, Y ], e), ∀X ∈ hx , Y ∈ hy . On the
other hand, since B is invariant we have B([X, Y ], e) = (−1)c(x+y)B(D(X), Y ), ∀X ∈ hx , Y ∈ hy . There-
fore ϕ(X, Y ) = (−1)c B(D(X), Y ), ∀X, Y ∈ h. Moreover, by straightforward calculations we get ψ(X) =
B([e, X], e), ∀X ∈ hx . On the other hand, by invariance of B we have B([e, X], e) = −(−1)cxB(X, X0),
∀X ∈ hx . Computing the sign of the expression above it leads to ψ(X) = −B(X, X0), ∀X ∈ hx . From
the graded Jacobi identity
(−1)cx[e, [e, X]]+ (−1)c[e, [X, e]]+ (−1)cx[X, [e, e]]= 0, ∀X ∈ hx,
it comes that D2(X) = (1 − (−1)c)−1[X0, X]h , ∀X ∈ hx , which we extend by linearity to all h. In
conclusion, if c = 0¯ then (g, B) is the double extension of (h, B˜) by the one-dimensional Lie algebra
Ke (by means of D). Whilst, if c = 1¯ then (g, B) is the generalized double extension of (h, B˜) by
the one-dimensional Lie superalgebra (Ke)1¯ (by means of D and X0), which states the Claim 2 and
consequently we ﬁnish the proof of Proposition 5.4. 
Deﬁnition 5.5. A special symplectic Manin superalgebra (g = U ⊕ V, B,ω) is a Manin superalgebra
(g = U ⊕ V, B) which carries a symplectic structure ω satisfying ω(U,U) = ω(V,V) = {0}.
Lemma 5.6. Let (g = U ⊕ V, B) be a Manin superalgebra and ω a symplectic structure on g. Then
(g = U ⊕ V, B,ω) is a special symplectic Manin superalgebra if and only if the even invertible skew-
supersymmetric superderivation D of (g, B) deﬁned by ω(X, Y ) = B(D(X), Y ), ∀X, Y ∈ g, satisﬁes D(U) ⊆ U
and D(V) ⊆ V.
Proof. The fact that B is non-degenerate and B(U,U) = B(V,V) = {0} implies that ω(U,U) =
ω(V,V) = {0} if and only if D(U) ⊆ U and D(V) ⊆ V. 
Theorem 5.7. Let (g, B,ω) be a quadratic symplectic Lie superalgebra. If K is algebraically closed, then there
exist two Lie sub-superalgebras U,V of g such that (g = U ⊕ V, B,ω) is a special symplectic Manin superal-
gebra and z(g) ∩ U = {0} or z(g) ∩ V = {0}.
Proof. Let (g, B,ω) be a quadratic symplectic Lie superalgebra. There exists an unique even invert-
ible skew-supersymmetric superderivation D of (g, B) such that ω(X, Y ) = B(D(X), Y ), ∀X, Y ∈ g.
By Propositions 8 and 9 in [9, Chapter 7, Section 1, p. 14] we have the following decomposition
g =⊕λ∈K gλ , where
gλ = {X ∈ g: exists n ∈ N such that (D − λIg)n(X) = 0}
= {X ∈ g: (D − λIg)dimg(X) = 0}.
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because D is an even superderivation of g. By Proposition 9 in [9] we have that B(gα,gβ) = {0},
∀α,β ∈ K (α + β = 0). Since the ﬁeld K has characteristic equal to zero then Q ⊆ K. Denote by
Sp(D) := {λ ∈ K: gλ = {0}} and consider the Q-linear subspace S of K generated by Sp(D). Let us ﬁx
a basis E = {α1, . . . ,αp} of S and consider on S the lexicographic order with respect to E , meaning
that:
∑p
i=1miαi > 0 if and only if there exists i0  p such that mi0 > 0 and mi = 0, ∀i < i0. It is clear
that if α,β > 0 then α + β > 0. Let λ ∈ S , we say that λ < 0 if −λ > 0. Let us deﬁne Sp+ := {λ ∈
Sp(D): λ > 0} and Sp− := {λ ∈ Sp(D): λ < 0}. It is clear that Sp(D) = Sp+ ∪ Sp− and Sp+ ∩ Sp− =
∅. Consequently U = ⊕λ∈Sp+ gλ and V = ⊕λ∈Sp− gλ are two Lie sub-superalgebras of g such that
B(U,U) = B(V,V) = {0} and g = U ⊕ V. Since D(gλ) ⊆ gλ , ∀λ ∈ K, we have D(U) ⊆ U and D(V) ⊆
V. We conclude that (g = U ⊕ V, B,ω) is a special symplectic Manin superalgebra. If g1¯ = {0}. It
is known that g0¯ is nilpotent. Applying Theorem 5.3 of [4] we conclude that z(g) ∩ U = {0} and
z(g) ∩ V = {0}. Now, suppose that g1¯ = {0}. By Corollary 4.4 we have that z(g) ∩ g1¯ = {0}. As D is
an even superderivation then D((z(g))1¯) ⊆ (z(g))1¯ = {0}. We have that (z(g))1¯ =
⊕
λ∈K (z(g))1¯λ and
(z(g))1¯
λ ⊆ gλ , ∀λ ∈ K. Therefore z(g) ∩ U = {0} or z(g) ∩ V = {0} which completes the proof. 
The inductive description of special symplectic Manin superalgebras may also be obtained by a
double extension and generalized double extension procedure using only Manin superalgebras.
Theorem 5.8. Let (g = U ⊕ V, B,ω) be a special symplectic Manin superalgebra and D the unique even in-
vertible skew-supersymmetric superderivation of (g, B) such thatω(X, Y ) = B(D(X), Y ), ∀X, Y ∈ g. Suppose
that there exist δ an even skew-supersymmetric superderivation of (g, B), α ∈ K\{0} and A0 ∈ V0¯ such that
δ(V) ⊆ V and
[D, δ] + αδ = ad(A0). (5.45)
Let (h = Ke ⊕ g ⊕ Ke∗, B˜) be the double extension of the Manin superalgebra (g = U ⊕ V, B) by the one-
dimensional Lie algebra Ke (by means of δ). In this case (h = U′ ⊕ V′, B˜) is a Manin superalgebra, where
U′ = Ke∗ ⊕ U and V′ = Ke ⊕ V (more precisely, U′ is the direct product of Ke∗ and U, and V′ is the semi-
direct product of Ke and V). The even invertible skew-supersymmetric superderivation D˜ : h → h of (h, B˜)
deﬁned by
D˜(e∗) = αe∗,
D˜(e) = −αe + A0,
D˜(X) = D(X) − B(X, A0)e∗, ∀X ∈ g,
veriﬁes D˜(U′) ⊆ U′ and D˜(V′) ⊆ V′ . Then (h, B˜, ω˜) is a special symplectic Manin superalgebra, where
ω˜ :h × h → K is deﬁned by
ω˜(X, Y ) = B˜(D˜(X), Y ), ∀X, Y ∈ h.
It is called the special double extension of the special symplectic Manin superalgebra (g = U⊕V, B,ω) by the
one-dimensional Lie algebra Ke (by means of δ, A0 , and α).
Proof. According to Theorem 4.7 we know that (h, B˜, ω˜) is a quadratic symplectic Lie superalgebra
and from Proposition 5.1 (h = U′ ⊕ V′, B˜) is a Manin superalgebra. From Lemma 5.6 to show that
this Manin superalgebra is a special symplectic Manin superalgebra we have just to prove that the
even invertible skew-supersymmetric superderivation D˜ : h → h of (h, B˜) satisﬁes D˜(U′) ⊆ U′ and
D˜(V′) ⊆ V′ . Since D(U) ⊆ U and D˜(e∗) = αe∗ we have D˜(U′) ⊆ U′ . From D˜(e) = −αe + A0, A0 ∈ V,
B(V,V) = {0}, and D(V) ⊆ V we get D˜(V′) ⊆ V′ . 
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invertible skew-supersymmetric superderivation of (g, B) such that ω(X, Y ) = B(D(X), Y ), ∀X, Y ∈ g. Con-
sider δ an odd skew-supersymmetric superderivation of (g, B) and X0 a non-zero element of V0¯ such that
δ(V) ⊆ V, δ(X0) = 0, δ2 = 12 [X0, .]g . Let (h = Ke ⊕ g ⊕ Ke∗, B˜) be the double extension of (g, B) by the
one-dimensional Lie superalgebra (Ke)1¯ (by means of δ and X0). We know that (h = U′ ⊕ V′, B˜) is a Manin
superalgebra, where U′ = Ke∗ ⊕ U and V′ = Ke  V (more precisely, U′ is the direct product of Ke∗ and U,
and V′ is the generalized semi-direct product of Ke and V). Suppose there exist α ∈ K\{0} and A1 ∈ V1¯ such
that
[D, δ] + αδ = ad(A1),
δ(A1) = αX0 + 1
2
D(X0).
The even invertible skew-supersymmetric superderivation D˜ : h → h of (h, B˜) deﬁned by
D˜(e∗) = αe∗,
D˜(e) = A1 − αe,
D˜(X) = D(X) − B(X, A1)e∗, ∀X ∈ g,
veriﬁes D˜(U′) ⊆ U′ and D˜(V′) ⊆ V′ . Therefore (h, B˜, ω˜) is a special symplectic Manin superalgebra, where
ω˜ : h × h → K is deﬁned by
ω˜(X, Y ) = B˜(D˜(X), Y ), ∀X, Y ∈ h.
It is called the special generalized double extension of the special symplectic Manin superalgebra
(g = U ⊕ V, B,ω) by the one-dimensional Lie superalgebra (Ke)1¯ (by means of δ, X0 , A1 , and α).
Proof. From Theorem 4.9 we have that (h, B˜, ω˜) is a quadratic symplectic Lie superalgebra and from
Proposition 5.3 (h = U′ ⊕ V′, B˜) is a Manin superalgebra. Since D(U) ⊆ U and D˜(e∗) = αe∗ we have
that D˜(U′) ⊆ U′ . On the other hand, D˜(e) = −αe+ A1, A1 ∈ V1¯ , B(V,V) = {0}, and D(V) ⊆ V implies
that D˜(V′) ⊆ V′ . By Lemma 5.6 the Manin superalgebra (h = U′ ⊕V′, B˜) is a special symplectic Manin
superalgebra equipped with the symplectic structure ω˜ and the proof is complete. 
Theorem 5.10. Let (g = U⊕V, B,ω) be a special symplectic Manin superalgebra over a ﬁeldK not necessarily
algebraically closed and D the unique even invertible skew-supersymmetric superderivation of (g, B) such that
ω(X, Y ) = B(D(X), Y ), ∀X, Y ∈ g.
(i) If D admits an eigenvector e∗ ∈ (z(g)∩U)0¯ or e∗ ∈ (z(g)∩V)0¯ , then (g = U⊕V, B,ω) is a special double
extension of a special symplectic Manin superalgebra (h = U′ ⊕ V′, B˜, ω˜) by the one-dimensional Lie al-
gebra Ke by means of (δ and A0), where A0 ∈ V0¯ , and δ is an even skew-supersymmetric superderivation
of (h, B˜) leaving V′ invariant.
(ii) If D admits an eigenvector e∗ ∈ (z(g) ∩ U)1¯ or e∗ ∈ (z(g) ∩ V)1¯ , then (g = U ⊕ V, B,ω) is a special
generalized double extension of a special symplectic Manin superalgebra (h = U′ ⊕ V′, B˜, ω˜) by the one-
dimensional Lie superalgebra Ke = (Ke)1¯ (by means of δ, X0 , A1), where X0 ∈ V0¯ , A1 ∈ V1¯ , and δ is an
odd skew-supersymmetric superderivation of (h, B˜) leaving V′ invariant.
Proof. We start by supposing that (z(g) ∩ U)0¯ = {0} (the proof in the case (z(g) ∩ V)0¯ = {0} is sim-
ilar) and consider a non-zero element e∗ ∈ (z(g) ∩ U)0¯ such that D(e∗) = αe∗, for some α ∈ K\{0}.
As in the proof of Proposition 5.4 there exists e ∈ V0¯ such that B(e∗, e) = 1. According to this
proposition, (g = U ⊕ V, B) is the double extension of the Manin superalgebra (h = U′ ⊕ V′, B˜)
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superderivation δ = p ◦ adg(e) |h such that δ(V′) ⊆ V′ , where p : h ⊕ Ke∗ → h denotes the projection
p(X +λe∗) = X , ∀X ∈ h, λ ∈ K. Since Ke∗ is invariant by the skew-supersymmetric superderivation D ,
so is its orthogonal (Ke∗)⊥ = h⊕Ke∗ . Set the linear map D˜ = p◦D |h: h → h. It is easy to show that D˜
is an even invertible skew-supersymmetric superderivation on (h, B˜). As U′ = U∩ h and D(U) ⊆ U, we
have that D˜(U′) ⊆ U′ (analogously D˜(V′) ⊆ V′). Since D(V) ⊆ V, e ∈ V, D is skew-supersymmetric,
B(e∗, e) = 1 there exists A0 ∈ V′¯0 such that D(e) = −αe + A0 and D(X) = D˜(X) − B(X, A0)e∗ , ∀X ∈ h.
For the proof of (ii), suppose that (z(g) ∩ U)1¯ = {0} and consider a non-zero element e∗ ∈ (z(g) ∩ U)1¯
such that D(e∗) = αe∗ , for some α ∈ K\{0}. As in the proof of Proposition 5.4 there exists e ∈ V1¯ such
that B(e∗, e) = 1. Using this proposition, (g = U ⊕ V, B) is the generalized double extension of the
Manin superalgebra (h = U′ ⊕ V′, B˜) (where U′ = Ke∗ ⊕ U and V′ = Ke  V) by the one-dimensional
Lie superalgebra (Ke)1¯ by means of the superderivation δ = p ◦ adg(e) |h , where p : h ⊕ Ke∗ → h de-
notes the projection p(X + λe∗) = X , ∀X ∈ h, λ ∈ K. As Ke∗ is invariant by the skew-supersymmetric
superderivation D , so is its orthogonal (Ke∗)⊥ = h ⊕ Ke∗ . Set the linear map D˜ = p ◦ D |h: h → h. We
easily show that D˜ is an even invertible skew-supersymmetric superderivation on (h, B˜), D˜(U′) ⊆ U′ ,
and D˜(V′) ⊆ V′ . Since D(V) ⊆ V, e ∈ V, D is skew-supersymmetric, and B(e∗, e) = 1 there exists
A1 ∈ V′¯1 such that D(e) = −αe + A1 and D(X) = D˜(X) − B(X, A1)e∗ , ∀X ∈ h. Using the fact that D is
an even superderivation of g we show that:
(a) [D˜, δ] + αδ = adh(A0) if e∗ ∈ (z(g) ∩ U)0¯;
(b) [D˜, δ] + αδ = adh(A1) and δ(A1) = αX0 + 12 D˜(X0) if e∗ ∈ (z(g) ∩ U)1¯ .
If e∗ ∈ (z(g)∩U)0¯ , by Theorem 5.8 we conclude that (g = U⊕V, B,ω) is the special double extension
of (h = U′ ⊕ V′, B˜, ω˜) by the one-dimensional Lie algebra Ke by means of (δ, α, and A0), where the
symplectic structure ω˜ : h × h → K is deﬁned by ω˜(X, Y ) = B˜(D˜(X), Y ), ∀X, Y ∈ h. If e∗ ∈ (z(g) ∩ U)1¯ ,
by Theorem 5.9 we conclude that (g = U ⊕ V, B,ω) is the special generalized double extension of
(h = U′ ⊕ V′, B˜, ω˜) by the one-dimensional Lie superalgebra (Ke)1¯ by means of (δ, α, X0, and A1),
where the symplectic structure ω˜ : h × h → K is deﬁned by ω˜(X, Y ) = B˜(D˜(X), Y ), ∀X, Y ∈ h, which
completes the proof. 
Corollary 5.11. If K is algebraically closed, then a special symplectic Manin superalgebra (g = U ⊕ V, B,ω)
over K may be obtained from a two-dimensional special symplectic Manin superalgebra by a ﬁnite sequence of
special double extension of a special symplectic Manin superalgebra by the one-dimensional Lie algebra and/or
special generalized double extension of a special symplectic Manin superalgebra (h = U′ ⊕ V′, B ′,ω′) by the
one-dimensional Lie superalgebra with even part zero.
Proof. If K is algebraically closed, then the unique even invertible skew-supersymmetric superderiva-
tion D of (g, B) deﬁned by ω(X, Y ) = B(D(X), Y ), ∀X, Y ∈ g, admits an eigenvector in z(g) ∩ U or in
z(g) ∩ V because D(z(g)) ⊆ z(g), D(U) ⊆ U, and D(V) ⊆ V. The fact that D is even implies that D
admits the eigenvector in (z(g)∩U)0¯ ∪ (z(g)∩U)1¯ ∪ (z(g)∩V)0¯ ∪ (z(g)∩V)1¯ . Proceeding by induction
on the dimension of g and using Theorem 5.10, we state the required result. 
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